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Abstract

In the previous work [J. Geom. Phys. 39 (2001) 50], the closed loop solitons in a plane, i.e.,
loops whose curvatures obey the modified Korteweg—de Vries equations, were investigated for the
case related to algebraic curves with genera 1 and 2. This paper is a generalization of the previous
paper to those of hyperelliptic curves with general genera. It was proved that the tangential angle
of loop soliton is expressed by the Weierstrass hyperelliptic al-function for a given hyperelliptic
curvey? = f(x) with genusg.
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1. Introduction

This paper is on loop solitons related to hyperelliptic curves with higher genera as an
extension of the previous repg¢#3].

In[20], a problem of a quantized elastica (ideal thin elastic curve), or statistical mechanics
of elasticas, was proposed, which is a model of a large polymer in a plane such as DNA
at finite temperature. When a position of the elastica in a complex @lasalenoted by
Z : S1 < C, the partition function of elastica is given by

21p) = [ Dzexm-pE(2), (L.1)
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where 8 is the inverse of temperatur®Z a certain functional measure arit{ Z] the
Euler—Bernoulli functional energy which is given by

E[Z] := fds k(s)? (1.2)

for the arclengtls, i.e., induced metric of the curve and its curvatkre

As shown in[20-22] the partition function is completely determined by the orbits
of the modified Korteweg-de Vries (MKdV) hierarchical equations. As a curve
obeying the MKdV equation is known as a loop soliton dug1®,16] the quantized
elastica problem is a realization of the loop solitons. It is worthwhile noting that even
though the soliton theory is studied in field of physics, there are not so many exam-
ples that soliton equation is connected with a physical model including its multi-soliton
solutions.

In this paper, we will consider hyperelliptic solutions of the loop solitons or excited
states of a quantized elastiCEheorem 3.4s our main theorem of this paper. There we
give explicit solutions of closed loop solitons in a plane related to hyperelliptic curves with
general genera.

We will base on the result 425]; there we show hyperelliptic solutions of the MKdV
equation in terms of the theories of the hyperelliptic functions which were developed in
the 19th century2-4,9,14]and are recently re-evaluat§d8,23,24] Following the idea
mentioned in the discussion [@3], we extend the results if23] to the case of general
genus in terms of Weierstrass’s hyperelliptic al-funcfi®np. 34; 31]

As the elastica problem has a deep his{éry7,29,30] | believe that one of its reasons
is its naturalness. In the derivations of the solutions, it turns out that the elastica problem is
very natural even from a mathematical viewpointRemark 3.3we will give comments
on its naturalness.

Further as mentioned ifil9], the elastica problem is closely related to automorphic
function theory even though the solutions are constructed in abelian variety. In fact the
Euler—Bernoulli energy functional can be expressed by the Schwarz derivative

E[Z] = fds{z, s}sp. (1.3)

In Section 4 we comment on its relation to automorphic functions.

2. Differentials of a hyperélliptic curve

In this section, we will review the hyperelliptic functions followiig-4,8,27]without
explanations and proofs. We denote the set of complex numb@rang the set of integers
by Z.

Convention 2.1. We deal with a hyperelliptic curvk, of genus gg > 0) given by the
affine equation

Y2 = fF(x) = Ao r1x % faex® 4 Ax? F x + a0 = P()Q(x), (2.1)
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where

f) =& =b1)(x —b2) - (x — bag)(x — bzg+1),
Q@)= —c)(x —c2)--- (x —cg)x — ),
P(x)=x —a)(x —az)--- (x —ag), (2.2)

Aog+1 =1,andA;’s, a;’s, bj’s, ¢;'s and c are complex values

Definition 2.2([2,3,7,8,27]. Forapoint(x;, y;) € X,, we define the following quantities:
(1) Let us denote the homology of a hyperelliptic cukgby
14 8
Hl(Xg, 7)) = .@lZO{j D ‘GBlZ,Bj, (23)
Jj= j=

where these intersections are givenas ;] = 0[8;, 8;] = 0and |, ;] = 4; ;.
(2) The unnormalized differentials of the first kind are defined by

du(li) = %,
2y
@) . Xi dxi

du2 = 2—,
Y (2.4)
-1

dug) = —xf dx,"
2y

(3) The unnormalized period matrices are defined by

d::{(/%du}“))“] w”:{(/ﬁjdu,f”)u} w:=[a“)’,',] (2.5)

(4) The normalized period matrices are given by

Ty - d)g]:zw/‘l’[du(li) dug)],
1
r=0 W, &= [ g] (2.6)
T
(5) The unnormalized differentials of the second kind are defined by
; & du;
dﬁ(l) = x’ : )
1 zyi
d~(i) . x§+ du;
Uy, = —,
2 2y; 2.7)
2g—1
dﬁ((gl) = —xi : dXi s

2y;
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andd @ = (dr{”, dry”, ..., dr{"),
o du®
3 .
@ary:=A da | (2.8)
whereA is 2g x g matrix defined by

0 X3 244 35 --- (@ —Dhrgr1 ghgr2z (@ +DAgyz -+ (28 —Dhge-1 (28 — Az (28 — Dhgg1

0 A5 2k -+ (8 —Dhgi2 (8 —Dhgizs  ghgra -+ (28 —Dhy (28 — Jhoeq1 0
0 A7 - (g—rgis (8 —Dhrgia (8 —Dhgys -+ (28 — D)Azet1 0
A =
0
0 Aog—2 221 3hog41
0 Azgst 0 0

(2.9)

(6) The complete hyperelliptic integral matrices of the second kind are defined by

/. (a) ” . (a) . @'
n = dr; , n = dr; , wi=| . (2.10)
oj ij ﬂj i w

(7) By defining the Abel map fogth symmetric product of the cuni,,
u: Sym*(X,) — C8,

8 i
(uk((Q,-)l-zlwg) = Z/Q dul, k=1, ...,g), (2.11)
i=17°
the Jacobi variety/, are defined as complex torus
C8
=
HereA is a lattice generated hy.

Te . (2.12)

Definition 2.3. The coordinate ifC8 for points{Q; = (x;, y)|i = 1, ..., g} of the curve
y2 = f(x) is given by

8 (xi, i) ) o o
. l l
uj = E / duj , du; = E duj . (2.13)
i=1

i=1v%°

(1) Using the coordinate ;, o functions, which is a holomorphic function ove¥, is
defined by[3, pp. 336 and 350; 7,14]

8/

8//
o) =o(u; Xg) =y exp<—%’un’a)’_1u) s |: i| (@ u; 1), (2.14)
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wherey is a certain constant factor

1
v [Z} CUEDY eXp[ZM—l{§f<n+a)r(n+a>+’<n +a)(z+ b)”
nezs

(2.15)
for g-dimensional vectorg andb, and
5/;:t[§ §—-1 E] a”::f[l 3]. (2.16)
2 2 2] 2 2
(2) Hyperellipticp-function is defined by2,3,14]
2
©ij (u) == — S, logo (u), (2.17)
and hyperelliptic;; function is defined by
d
gi(u) := —Ilogo (u). (2.18)
8uj
(3) Weierstrass hyperelliptic,afunction is defined by3, p. 340; 31]
al,(u) ==y F(@®,), (2.19)
wherey’ is a certain constant
F(x):i=(x —x1) - (x —xg) = ygx® + J/g_lngl + -+ 0, (2.20)
wherey, =1
Proposition 2.4.
(1) pgi (i =1,...,¢)is elementary symmetric functions{ef, x, ..., x,} [2-4,7] i.e.
g .
Fx)=x8 =) pgix'~t, (2.21)

i=1

(2) ¢j(u) is expressed bp8, pp. 33-35]

g )
Xi 1
=& (n) = Z/ dri — EdetAg,i, (222)
k=1
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where
e1 -1
2e2 —e1 1 0
Ant1 = n—2e,_2 —ey_3 e,_4 +1 ) (2.23)
n—De,—1 —eyp—2 €43 ten F1
ne, —ep—_1 ep—_2 t+ep Fer =£1
n+Ddy, —dy_1 dpo +dy Fdi +1
ande; 1= g g11-i ANAd; 1= Pg g g41-i ‘= 0Py g+1-i/0ug.

As we show later(2.22)is a very important relation in our quantized elastica, which was
found by Buchstaber et dB] (Appendix A); according to Buchstaber et &], Baker[2]
gave a wrong relation. We note th&tx) is a generator of the elementary symmetric func-
tions and the matri¥,, (2.23)contains the matrix of the Newton formula as its minor matrix
[18]. In fact in the derivation 0f2.23), A, plays the role which connects the elementary
and power sum symmetric functions.

Definition 2.5.
(1) A polynomial associated with (x) is introduced by
F(x)

mi(x) == T = X,',g_lngl + X,',g_zxg72 + -+ Xi,1 + X0, (2.24)
— X;
wherey; o1 =1, xig-2 = (1 +--- + x) — x;, and so on.
(2) We will introduceg x g-matrices

X10 X111 XLg—1 n
X2,0 X2.1 X2,6-1 y2

W= , Y= )
Xg,0 Xg.1 Xg.g—1 Vg
F'(x1)

F'(x2)
P , (2.25)
F'(xg)

whereF’(x) := dF(x)/dx.
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3)

g—1 g2
X3 7 1
Vet ! 0 Xt 872 1
M:=| Ye-2 Vg1 1 . K= 2 2
g1 g§—2
noooy Ye—1 1 3 3 1
(2.26)

(4) The coordinate if©2 is introduced by := P,u, whereP, is defined by its inverse
matrix

g—1 §—1\ o1 o1
1 gb ( ) )bf (g_1>b§ bf
-1 _ _
N I SR R S
Pti= g§—2 (2.27)
0O O 0 1 by
0 O 0 0 1
(5) Fora polynomiag(X) = g, X" + --- + go, we introduce theD; operator
n
D; = Zg,-xf—f. (2.28)
i=j

Lemma 2.6.

(1) The inverse matrix of W is given by~ = F~1v, where V is Vandermonde matrix

X1 X2 e xg
2 2 2
yv=| *1t “*2 - X (2.29)
-1 -1 o—1
xoxg ¢
(2) Letd,, := 8/du;, dy, = 9/0x; andd, = 3/ou.”,
8ul axl 815? Bul
Az A, 3 Az
S =22Ftw | |, =t (2.30)
a“g 8xg 8»5;) 8“5’
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(3) KM = W and
Wij = xi.j-1 = [D;j(F(X)]x=x;- (2.31)

Proof. Case (1) is obvious by using the properties of the Vandermonde matrix. In case
(2), we must pay attention the fixed parameters for the partial differential. By comparing
dx’ and the chain relation &, we obtain the matrix representati¢h30) [25] From the
relation(F (x)/(x — x;))(x — x;) = F(x), we have

Xi,j = Vj+1+ XiXi j+1- (2.32)
Then we obtain the relatiof2.31) O

We note that formula€.31) and (2.32are very important to provi.23)

Proposition 2.7 ([8, p. 11). The Legendre relation is given by
'o'n" ="' = 2n/—11,, (2.33)

wherel, is theg x g-unit matrix

3. Loop solitons

In this section, we will deal with a real curve in a plane in the category of differential
geometry.

Let us consider a smooth immersion of a cir§feinto the two-dimensional Euclidean
spacel? ~ C or E? + {oo} ~ CP*. The immersed real curv€ is characterized by the
affine coordinatéX1(s), X2(s)) around the origin. Hereis a parameter of* and is, now,
chosen as the arclength so that d= (dX1)2 + (dx?)2. We will also use the complex
expression

Z(s) 1= X(s) + V—=1X2(s). (3.1)
Then by lettingd; := 3/0ds, |0;Z(s)| = 1 and the curvature af is given by

k(s) = ias logds Z(s). (3.2)

=1
As mentioned irSection 1 loop soliton is identified with a quantized elast{@®]. Thus
we will sometimes call iquantized elasticar simplyelasticahereafter.
Definition 3.1.

(1) A one-parameter family of curve€’;} for a real parameter € R is called a loop
soliton, if its curvature obeys the MKdV equation, fpr= k/2,

dq +6920,q + 93q =0, (3.3)
whereo; := 9/0dt.
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(2) The energy of elastica is given by

E[Z]:= fds k2, (3.4)
which can be expressed by the Schwarz derivative
E[Z] = fds{z, s}sDs (3.5)
where
2z\ 1[822\°
{Z,s}sp = 8S<BSZ>_§(SSZ) . (3.6)

Here we will give our main theorem as follows.

Theorem 3.2. Let the configuration of the x-components, . . ., x,) of the affine coordi-
nates of the hyperelliptic curv&ym? (X, ) satisfy

|F(br)]| = ro, (3.7)
whererg is a positive number. For sughy, y1), ..., (xg, yo), we haveu := u((x1, y1), ...,

(xg, y¢)) due to(2.11)
(1) By settings = ug/roands = ug_1 + (Aog—1+ b, )ug,
3,27 = Fb) or (3,27 =1, (3.8)

completely characterizes the loop soliton
(2) The shape of elastica is given by

1 8
7 — . (bfug + Zb;;,-_l) ) (3.9)

i=1

Remark 3.3.

(1) If one prefers more proper expression for the branch éjnt0), he may usexﬁ.’) in
(2.27)and then find similar results. As the expression is essentially the same as the
above one due t(?.30) we will investigate the above one.

(2) The condition(3.7) is essential. Due to the condition, any configurationsiothe
tangential anglep = log(d,, 7)/+~/—1 does not contain imaginary part. Hence the
arclength locally does not chanffil9—22] As Goldstein and Petricji1] showed that
the isometric deformation of space curve in a plane gives the MKdV equation, this
condition and §,, , d,,] = O recover the MKdV equation in general.

(3) Thetangential vectod,,Z = F(b,) « aI,z, consists only of;’s, which can be regarded

as a twofold coordinate of SyiiCP'). Eachx; € CP* appears when we construct
the hyperelliptic curveX, using twoC P1 with g + 1 cuts.
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(4) Due to the configuration af3.7), there is a trivial action of thé/ (1)-group, which
exhibits the translation symmetry of the elastica. When we begin with this symmetry
and isometric deformation, we reproduces the MKdV hieraf2fy21]

(5) The condition(3.7)should be regarded as a reality condition. Elastica problem is a real
analytic problem. In the primitive sense, the complex analysis is more complex than
the real analysis but from deeper viewpoint, their standpoints are reversed. In fact, due
to the condition, we must investigate all possible contours in the complex aiyve
In other words, from the point of view of real analysis, as long as we have insufficient
knowledge of the condition, it is not the end of the study of the quantized elastica
problem. | suppose that this difficulty is similar to that of real analytic Eisenstein series
[28].

(6) The condition3.7)is satisfied if alk;'s are in a circle centralizing &t. Then symmetric
configuration ofxy, ..., x, determines a point of a shape of the loop soliton. In other
words, the dynamics of the elastica is translated to symmetric systegrpaficles in
$1. Dynamics of symmetric particles in a circle might be familiar with researches of
quantum integrable systefhb].

When we consider the discrete configurations'sf they give the discrete time de-
velopment of the piecewise linear curves. This must be related to the discrete integrable
system.

From the definitionTheorem 3.2Zan be proved by the following proposition, which was
shown in[25]. We will give a sketch of the proof dR5], whose techniques essentially

appeared if4].

Proposition 3.4. By letting
1 1
) = = W ) ) = —l F r 1
1 09" 7w = —=log Fby), (3.10)

") obeys the modified KdV equation

2
(augfl — (A + br)aug)ﬂ(r) - GM(r) 8ugﬂ(r) + 33gll«(r) =0. (3.11)

Proof. This is proved if20]. We will give a sketch of the proof. From the definition, we
have

8

8 2yi
2 logFby =Y — 2
TR R Y e Ty
9 £ 2yi Xi,g—1
logF(by) = Y ——208 = 3.12
g 0T ) ;F/<xi)(xi—br) (3.12)

Let axg is boundary wherX, is embedded in a upper-half plake By estimation of

f@) -
ﬁxg (x — by F(x)2 dx =0, (3.13)
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and counting its residues, we obtain

3 0 £(x)
; (xk) [ <m>]x:xk = h2g +br + 29gg- (3.14)

Further, we have

2
3 Vi -y 2yky1
(= x) F7 () (= 206) (e — 20 F7 () F' (xr)

kL ksl
2
Kk 3.15
DSy R (3.4
Using them, we have the relation. O

We note that the formal power series

g
Vi

1 1
(r) — —log F(b,) =
s 09t =" ; F'i)(xi — by)

2¢— dug
g x-j
2:: ; (xl)br o (3.16)

is resemble to the generator of the power sum symmetric fundti@is

As we provedProposition 3.4we give two corollaries, which are shown by direct com-
putationsCorollary 3.5gives local properties of the elastica a&ddrollary 3.6is associated
with its global properties.

Corollary 3.5.
(1) The shape of elastica is given by

o _ L[ i G0 13 i
20 = — | blug + Z bl / dri— l+§,z bl detA,_; | . (3.17)
i,j=1 i,j=1
(2) The Schwarz derivative of Z with respectitg

{27, ug)sp = Apgg + 2h2g + 25, (3.18)

(3) The root square of the tangential vectglaugz(” = al,/y’ is a solution of the Dirac
equation or Frenet—Serret equati¢ho]

/ (r)
8ug /’L(r) augZ r _ 0 (319)
M(r) _aug /_augz(r)
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Here we comment of8.18) and (3.19)First we note that the solution of the Dirac equation
consists of al-functions due {@.19) and (3.8)Second it is noted that from the definitions
(3.6) and (3.10)and(3.18)agrees with the Miura transformation

M(r)Z + /_1aug,u(r) = 2pgg + A2g + br, (3.20)

because the left-hand side consists of the solutions of the Mé&glation (3.11vhereas
the right-hand side obeys the KdV equat[@24]. Further it is obvious thgf3.19)has the
same data as the Miura transformat{@220) by operating the Dirac operator twi¢25].
On the other hand3.19)can be expressed by

<—aug 0) VO, 20 _(o w) VO 2 (3.21)
0 A )\ [-8,,20 p" 0 [“o,20 ) '

Here we can recognize that the left-hand side is an operation in analytic category while
right-hand side is an operation as an endmorphisms in a commutative algebra. This relation
is essential in the study @-module, due to the statementg@ pp. 12—13]

Corollary 3.6.
(1) The winding number of elastica can be computed for a given path by the integration
1
w = > '(f Qu P (ug) dug. (3.22)

(2) The closed condition of elastica
f u, 2" dug =0 (3.23)

consists of the conditions

8 )
b wi + Y b i1 =0, (3.24)
i=1

using the hyperelliptic integrgP.5) and (2.6)

3) {Z") ug)spdug = —4dg, + 2(hog + by) duy. (3.25)
(4) f {Z", uglspdug = —4nsg + 2(h2g + br) i, (3.26)
Ba
f {Z, uglspdug = —Anhg + 20025 + br)whg. (3.27)
Qg
4. Discussion

As mentioned iff19], our problem is resemble to Poincaré, Klein and Schwarz theories
of the automorphic function over the half plane or the Poincaré disk.
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First the resemblance is obtained through the conformal field theory. Stisehomo-
topically equivalent withC — {0}, most results of the conformal field theory are obtained
by the investigation of dynamics of functions o\&rin a Riemann spher@P? [13]. The
situation in(3.7) is very resemble to that of the conformal field theory but is in the higher
genus Riemannian surface. However, we can also perform the Fourier transformation or
localization around the ramified poii;,, 0). Then it should be noted that on the injective
maps

920" 1 st - X, (4.1)
there are nontrivial actions of the fundamental gr@8y23) By letting

Ly = f(Zpgg + Aog + br) ezﬂﬂ””x/md%, (4.2)
we have the relation of Virasoro algeljfal19]

[Ln, L) = (8 = m) Lyt + S0 nimn(n® — 1). (4.3)

Here we remark that in the conformal field theory, the surface obtained by means of the
Vertex operator acting a Riemannian sphere is called a Riemannian surface withggenus
but as in showed if24], such a Riemannian surface, at least of the case of the hyperelliptic
curve, is very far from our Riemannian surfaces. The Riemannian surface obtained by the
Vertex operator from the Riemannian sphere is, in fact, topologically gesugace but is
very special (semi-stable) degenerate curve; the theory over such a curve should be regarded
as a theory on Riemannian sphété Recently some of the physicists might regard that
topological aspect in field theory is the most important and they deal only with degenerate
curves. However, at least, in low-energy physics related to our lives, we need finer topology.
In fact, the shape of classical elastica, which was studied by Euler as a classical field theory
and is determined by curvature, leads us to very fruitful physics and mathematics. Further in
general, physical phenomena are notin a framework of complex analysis. Even though some
objectsinthe category of the complex analysis is classified by topological objects, itis not all
in physics. For example, Euler equation for complete fluid dynamics in three-dimensional
space cannot be expressed by complex analysis. Quantized elastica problem should also be
considered in the real analytic category as Euler did. Of course, topological aspect is still
important but, | believe, is not a goal for quantitative science.

Next | will comment on interesting relations, which also looks connected with the auto-
morphic functionsZ " is roughly equal t@ functions due t¢3.9)whereas the incomplete
“energy integral”,

u
/ (20, ug)spdug, (4.4)

is also expressed by thefunctions. It implies that there is a similarity between the con-
figuration and energy of elasticas. Further the mgRi23)is essentially the same as the
Newton formula which connects the elementary and power sum symmetric functions. Thus
¢ (the configurations and energy from above view points) is essentially expressed by the
power sum symmetric function, while the main partigfor a half curvature of elastica,

is the same as a generator of the power sum symmetric function d@el®) [18] It is
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expected that there might be hidden symmetries. These facts might remind us of replicabil-
ity of automorphic function if they were related to automorphic functi@g. In fact, for

the case of elliptic functioig = 1) case helping with the notations [B3] ((3, e (1))? =

403 — gop + g3 = A(p —e1)(p — e3) (9 — ea), p (w;) = ¢;), we have interesting formulae

0 Z U+ wa) = ${ZWw), u}sp — 3e1, (4.5)

1

@yt [
z (”)_e"i"of e 52

1 pu
’ exp(_é | [ 129w, 0 = (296 = ). sl du db/)
€

(4.6)

fora = 1,2, 3. In the integrations, we should note the effects from the initial points.
Egs. (4.5) and (4.63an be extended to higher genus. For the cagd.6j, we can do by
using the relation alfunctions andr function[3].

Further from the point of view of theory of the symmetric function, one might wish to

regardx; as an eigenvalue of some matri¥,= diag(x1, x2, ..., x,). The generator of the
elementary symmetric function is expressed by
F(x) = det(X — xI), 4.7

and that of the power symmetric function is expressed by
oo
G(x) =)y tr(x"x". (4.8)
n=1

They are closely related {@.20) and (3.16)As comparison with physics, some purposes in
mathematics are classifications and determination of the relations among classified objects.
The classification should be characterized by discrete quantities and these discrete quantities
should sometimes preserve when we take a certain limit. Thus it might be natural to consider
degenerate curves in a certain sense. The degenerateyéusvé® (x)2x, which was dealt
with in [24] and is associated with the soliton solutions and algebra of vertex operators, is
also expressed by? — x(det(xl — P))2 = 0 by lettingP := diag(as, az, . . ., ag). These
matricesP and X for the degenerate curve are the same rank. Hence it is natural that one
consider a graded algebya(A, C Az+1, A = Uy Ag) generated by ggneratom?, P
and so on) such that there islamoduleM, satisfyingX M, = XM, andPM, = PM,.
If we regardM, as a representation of shape of elastica, we might able to deal with family
of elastica related to hyperelliptic curves with different genera. The Schwarz derivative,
which plays important roles in theory of automorphic functi¢®8] and is invariant for
PSL(2, C), naturally appears in our elastica probl¢g22]. Even though PS{2, Z) is far
from our situation in this stage, | hope that our study might reveal some relations between
elastica problems and automorphic function thg@8}, if exists[19].

Finally, we mention our future study. The quantized elastica in a plane was extended to
that inIR3. There the nonlinear Schrédinger equation and complex MKdV equation play
the same role as the MKdV equatifil]. As the explicit function form of the finite type
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solution, the nonlinear Schrodinger equation was obtaingdOh this study might be
extended to that ifR3.

5. Note added in proof

Recently | learned that ifB2] Mumford investigated the (classical) elastica problem of
genus one from view point of applied mathematics and gave simple and deep expression of
the shape of elastica, which is related to this study[26§
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Appendix A

As (2.22)was given only in improved versig] of published versioif7], we briefly
review its derivation here followin{B]. There Buchstaber et al. started from a fundamen-
tal relation among the hyperelliptic sigma functions and incomplete integrals of the first,
second and third kinds. Then they used the opef&t@B) investigated of symmetry of an
intermediate equation and reach@d22)

Thus let us follow their way. First we will give the fundamental formula indhfeinction
theory[2,7]

P Q ’
o[ du+u)o([Zdu+u 8
log ( - )7 (= ) =Y REL. (A1)
o(foodu+u/>o(]§du+u) =
where
Pj e [
u =Z/ du, u =Z/ du, (A.2)
j=17% j=1"%
P.Q P.Q P i P i P,A
RS, =Ry :/ duq dr1+-~-+/ du/ dr, + P~ (A.3)
P.Q P.Q o o o ey Vet roB

(A.4)
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X—Xp X—XQ 2y’
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andP; (Q_j) is conjugate of P (Q;) with respect to the symmetry of hyperelliptic curve
(x,y) = (x, =y).
After letting all Q; to oo, we derivative it inu ;, we obtain

P Q P 5 S (P
;“]-</oodu+u)—g(/oodu+u)—|—/Qdrj—ﬁle:/Oo 2(P,Q =0.

=1
(A.5)

IntroducingR (z) = (z — xo0) F (z) for P = (xo, yo) and B = (x;, y;), (A.5) becomes

P P 8 P
;j< du+u)+ drj+2/ dr;
i
Z=x,->

13 D;(R'(z)) —jDj11(R(2))
_EZ < R'(2)
B 1310 1y — Yoo
RPN MR P i e

k=1
) : (A.6)

£ o [ RiF@) —1Dj4a(F @)
R'(2)
Then noting the fact that the left-hand side is symmetricatgiwy, ..., xg, while the
right-hand side is symmetrical in, x», .. ., x, but does not depend ag, (A.6) is reduced
to (2.22) (2.23)comes from the third term in the left-hand side(Af6).
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